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Abstract
Configurational, or Eshelby-like, forces are shown to strongly influence the nonlinear
dynamics of an elastic rod constrained with a frictionless sliding sleeve at one end and with
an attached mass at the other end. The configurational force, generated at the sliding sleeve
constraint and proportional to the square of the bending moment realized there, has been so
far investigated only under quasi-static setting and is now confirmed (through a variational
argument) to be present within a dynamic framework. The deep influence of configurational
forces on the dynamics is shown both theoretically (through the development of a dynamic
nonlinear model in which the rod is treated as a nonlinear spring, obeying the Euler elastica,
with negligible inertia) and experimentally (through a specifically designed experimental set-
up). During the nonlinear dynamics, the elastic rod may slip alternatively in and out from
the sliding sleeve, becoming a sort of nonlinear oscillator displaying a motion eventually
ending with the rod completely injected into or completely ejected from the sleeve. The
present results may find applications in the dynamics of compliant and extensible devices,
for instance, to guide the movement of a retractable and flexible robot arm.
Keywords: Elastica, configurational mechanics, nonlinear motion.
1 Introduction
Nonlinear structural dynamics breaks the limits of traditional linear elastic design, to create ele-
ments working much beyond the realm of linearized kinematics, fully inside the nonlinear range,
so matching the strong requirements imposed by soft robotics [24, 40, 46], flexible locomotion
devices [10, 43, 45], metastructures [1, 32, 42], architected structures for vibration mitigation
[9, 19, 34], and morphable structures [22, 28, 37].
Within this context, the influence of configurational (or ‘Eshelby-like’) forces on the nonlin-
ear dynamics of structures is investigated. Configurational forces, introduced in solid mechanics
by Eshelby [15, 16, 17, 18] to model interactions between dislocations or forces driving crack
propagation, have been recently shown to be possible in structural mechanics too [6]. The action
of configurational forces on structures have been exploited to provide unexpected quasi-static
response [5, 7, 8] and propulsion [4, 12], have been explained through a material force balance
[25, 35, 36, 41] and have been used to investigate constrained buckling problems [29, 30, 31]. It
is also worth noting that the recent research on configurational forces in structural mechanics
has eventually inspired a new interpretation of their action in solids [3].
With the aim of investigating the role of configurational forces developing during the motion
of an elastic structure, the dynamic problem of a rod with a concentrated mass attached at
one end and subject to gravity is analyzed when partially inserted into a frictionless sliding
sleeve at the other, Fig. 1 (left). Initially, the rod is kept at rest in its unloaded straight
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configuration, which is inclined with respect to an ambient gravitational field. When the system
is released, the gravity action provides motion which is a simple rigid body translation if the rod
is highly stiff, say rigid, Fig. 1 (center). However, when the rod is elastically flexible, transverse
(bending) oscillations are displayed and the slip into the sleeve becomes strongly contrasted by
the configurational force acting on the rod and developed at its insertion point with the sleeve.
In this latter case, a complex large amplitude dynamic motion develops, during which insertion
into the sliding sleeve may alternate with ejection from it, thus creating a sort of nonlinear
oscillating motion, which eventually terminates with the rod either completely ejected from or
injected into the sliding sleeve.1
The stroboscopic photos reported in Fig. 1 show the motion of an highly stiff rod (center,
realized with a 4 mm thick carbon steel flat strip) and of a flexible rod (right, realized with a 2
mm thick and 25 mm wide carbon-fiber flat strip), both with an initial external length of 580
mm and an attached mass of 1.046 kg. The motion of the rigid and of the flexible systems ends
in both cases with the complete injection of the rod after 0.39 sec and 10.55 sec, respectively (the
detailed timing of each snapshot is reported in Table 1). The large difference in the time needed
for the two rods to attain their complete injection shows how deeply the dynamics is affected by
the elasticity of the rod and by the related configurational force action, in the absence of which
ejection would never occur! Indeed, the configurational force has always the effect of delaying
complete injection and even producing ejection.
Rigid system Flexible system
(Fig. 1, center) (Fig. 1, right)
Snapshot 0 1 2 3 0 1 2 3 4 5 6 7 8 9 10
Time [s] 0.00 0.13 0.26 0.39 0.00 0.44 0.66 1.11 1.44 1.95 2.14 3.63 6.64 8.05 10.55
Motion
Tab. 1: The timeframe of the snapshots reported in Fig. 1 (center and right) and type of motion occurring
between two successive photos (‘inject’ and ‘eject’ stand respectively for injection and ejection). The time 10.55
sec corresponds to the attainment of complete injection of the flexible rod (related snapshot is not reported in
Fig. 1, for clarity).
inject inject inject inject inject eject inject eject eject eject inject eject inject
The length of rod external to the sliding sleeve represents a moving boundary (similarly
to the boundary conditions encountered in problems involving tensionless surfaces [11] and
fluid-structure interaction [26, 13, 14]), namely a configurational parameter for the considered
structural system. Therefore, a variational technique is used to show that a configurational
force is generated at the end of the sliding constraint. This force is obtained now within a
dynamic context and is shown to differ from that previously obtained under the quasi-static
assumption [6] only for a negligible term consisting in the ratio between velocity of sliding and
the longitudinal wave speed. The dynamic motion shown in Fig. 1 is analyzed experimentally,
with a set-up developed at the ‘Instabilities Lab’ of the University of Trento, and simulated
through a mechanical model in which, essentially, the elastic rod is treated as a massless nonlin-
ear spring, obeying the Euler elastica (under the first mode of deformation). In agreement with
the theoretical predictions, the experiments show that a transition line in a load-inclination
plane exists, so that realizations corresponding to points within the region above (below) this
transition line display final complete ejection (injection).
1Movies of the experiments can be found in the additional material available at
http://www.ing.unitn.it/~bigoni/configurationaldynamics.html
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Fig. 1: Stroboscopic photos taken after the release from the undeformed rest configuration (left) of a highly stiff
(center) and elastic (right) rod, having an attached mass at one end and constrained by a frictionless sliding
sleeve at the other. When the rod is highly stiff (center), the system simply slides rectilinearly down along the
sliding sleeve direction. When the rod is compliant (right), a complex motion is realized, in which injection into
the sliding sleeve alternates with ejection because of the action of a configurational force (generated at the sliding
sleeve end), strongly affecting the dynamics. While the rigid-body injection finishes in 0.39 sec (snapshot (3) in
the center), the compliant rod is completely injected into the sliding sleeve in 10.55 sec (snapshot not reported
for clarity). Green (magenta) arrows connecting two successive snapshots denote the injective (ejective) motion
occurring between them, so that from (0) to (2) the compliant rod is slipping inside the sleeve, from (2) to (3) it
is ejected and so on. The timeframe of the snapshots for each of the two systems is reported in Table 1.
The theoretical and experimental framework introduced in the present article can find ap-
plication to the design of flexible robot arms with variable length or retractable/extensible soft
actuators [21, 27, 39, 44]. In these devices configurational forces are necessarily generated,
providing important effects that cannot be neglected, even in a first approximation design.
2 The presence of the configurational force disclosed in a dynamic setting
The presence of a configurational force generated by the sliding sleeve at its exit and proportional
to the square of the bending moment at this point was demonstrated under the quasi-static
assumption [6]. The aim of this section is to theoretically prove that a configurational force
is generated during a nonlinear dynamic motion and its expression differs from that obtained
in the quasi-static setting only in a proportionality coefficient, although this difference is in
practice negligible (because given by the square of the ratio between the sliding velocity and
longitudinal wave speed in the bar). The proof is based on the principle of the least action and
obtained through a variational technique.
2.1 Kinematics
The kinematics of an inextensible elastic rod of length l, rectilinear in its undeformed configu-
ration, lying within the plane x− y is referred to the (one-dimensional) curvilinear coordinate
3
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s ∈ [0, l] and the time variable t. The rod is constrained by a frictionless sliding sleeve, with
exit point centered at the coordinates x = y = 0 and inclined at an angle α with respect to
the y axis, Fig. 2. Considering the primary kinematic field of rotation θ(s, t), measuring the
clockwise angle with respect to the undeformed rectilinear state, the position fields x(s, t) and
y(s, t) can be evaluated from the inextensibility constraint as
x(s, t) = x(0, t) +
∫ s
0
sin [θ(s, t) + α] ds, y(s, t) = y(0, t) +
∫ s
0
cos [θ(s, t) + α] ds. (1)
Because of the presence of the sliding sleeve, in addition to the rotation field θ(s, t), the structural
system is also characterized by the configurational parameter `(t) ∈ [0, l] measuring the length
of the rod outside the constraint, defined by the set of points s ∈ [l − `(t), l]. Considering the
sliding sleeve exit as the origin of the x − y reference system implies the following kinematic
constraints for the position field at the curvilinear coordinate s = l − `(t)
x
(
s = l − `(t), t) = y(s = l − `(t), t) = 0, (2)
while the rotation field of the part of the rod inside of the sliding sleeve remains null,
θ(s, t) = 0, s ∈ [0, l − `(t)], (3)
so that the coordinates x(s, t) and y(s, t), eqns (1), reduce to
x(s, t) =

−(l − `(t)− s) sinα,∫ s
l−`(t)
sin [θ(s, t) + α] ds,
y(s, t) =

−(l − `(t)− s) cosα,∫ s
l−`(t)
cos [θ(s, t) + α] ds,
s ∈ [0, l − `(t)],
s ∈ [l − `(t), l].
(4)
It is also instrumental to consider a further reference system x̂− ŷ, obtained as the counter-
clowise rotation of the system x− y by the angle pi/2− α, so that the xˆ axis is parallel to the
sliding direction. Within this reference system, the rod’s kinematics can be described through
the position fields x̂(s, t) and ŷ(s, t) as
x̂(s, t) =

−(l − `(t)− s) ,∫ s
l−`(t)
cos θ(s, t)ds
ŷ(s, t) =

0,
−
∫ s
l−`(t)
sin θ(s, t)ds,
s ∈ [0, l − `(t)],
s ∈ [l − `(t), l].
(5)
From the position fields it follows that the velocity components x˙(s, t) and y˙(s, t) (where a dot
represents the time derivative) are given by
x˙(s, t) =

˙`(t) sinα,
˙`(t) sinα+
∫ s
l−`(t)
θ˙(s, t) cos [θ(s, t) + α] ds,
y˙(s, t) =

˙`(t) cosα,
˙`(t) cosα−
∫ s
l−`(t)
θ˙(s, t) sin [θ(s, t) + α] ds,
s ∈ [0, l − `(t)],
s ∈ [l − `(t), l],
(6)
or, equivalently, in the x̂− ŷ reference system by
˙̂x(s, t) =

˙`(t) ,
˙`(t) +
∫ s
l−`(t)
θ˙(s, t) sin θ(s, t)ds
˙̂y(s, t) =

0,
−
∫ s
l−`(t)
θ˙(s, t) cos θ(s, t)ds,
s ∈ [0, l − `(t)],
s ∈ [l − `(t), l].
(7)
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Fig. 2: An inextensible linear elastic rod of length l, bending stiffness B, and linear mass density γ, with
an attached lumped mass m at the end s = l is constrained by a sliding sleeve inclined at an angle α with
respect to the y axis. The rotational inertia of the lumped mass is denoted with I, while the rod has a uniform
rotational inertia density Γ. The rod is reported in its undeformed initial state (grey) and in a generic deformed
configuration (blue) at the time t. The latter configuration is defined through the rotation field θ(s, t) and
the configurational parameter `(t), defining the amount of rod outside the constraint. Lower part: Free body
diagram of the structural system (inertia forces, distributed along the rod are not reported for simplicity). The
three reaction forces developed at the sliding sleeve exit are reported, corresponding to the reaction moment
M(t), the transverse force reaction T(t), and the configurational force [1 − ( ˙`(t)/vl)2]M(t)2/(2B), the latter is
parallel to the sliding direction (and being vl the longitudinal wave velocity).
The time derivative of the null rotation condition (3) evaluated at the curvilinear coordinate
corresponding to the sliding sleeve exit, θ(l − `(t), t) = 0, provides the following internal con-
straint between the time and spatial derivatives (the latter denoted by a prime symbol) of the
rotational field at this point through the sliding velocity ˙`(t) as
θ˙ (l − `(t), t) = ˙` (t) θ′ (l − `(t), t) . (8)
From eqns (7) and (8) it follows that, while the velocity fields are continuous at the sliding
sleeve exit, the velocity of rotation θ˙(s, t) is spatially discontinuous there because of the discon-
tinuity of the curvature field at the same point, so that the velocity of rotation can be evaluated
just inside and outside the sliding sleeve as
lim
|δ|→0
θ˙ (l − `(t)− |δ|, t) = 0,
lim
|δ|→0
θ˙ (l − `(t) + |δ|, t) = ˙`(t) lim
|δ|→0
θ′ (l − `(t) + |δ|, t) . (9)
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2.2 Lagrangian and governing equations
The Lagrangian functional L(t) for the considered system is given by
L(t) = T (t)− V(t)−
∫ l
0
Nx(s, t)
{
x′(s, t)− sin [θ(s, t) + α]} ds
−
∫ l
0
Ny(s, t)
{
y′(s, t)− cos [θ(s, t) + α]} ds, (10)
where T (t) is the kinetic energy, V(t) is the potential energy, while Nx(s) and Ny(s) are La-
grangian multipliers (which can be mechanically interpreted as the internal forces along the x
and y directions). Considering that the rod has uniform linear mass density γ and rotational
inertia density Γ (in the Rayleigh sense [23, 38]) and has attached a lumped mass m (with
rotational inertia I) at the coordinate s = l, the kinetic energy T (t) of the system is given by
T (t) = m[x˙(l, t)
2 + y˙(l, t)2]
2
+
Iθ˙(l, t)2
2
+
1
2
∫ l
0
γ[x˙(s, t)2+ y˙(s, t)2]ds+
1
2
∫ l
l−`(t)
Γθ˙(s, t)2ds. (11)
The potential energy V(t) is given as the sum of the elastic energy stored inside of the
rod and the negative of the work done by the loads applied to the system. A quadratic form
in the curvature is assumed for the strain energy of the elastic rod, so that the moment at
the coordinate s is given by M(s, t) = Bθ′(s, t), where B is the (uniform) bending stiffness.
Considering a gravitational field characterized by the acceleration g in the direction opposite
to the y axis, the concentrated dead load P = mg is applied at the coordinate s = l, while the
uniform dead load γg is distributed all along the rod, so that (neglecting an arbitrary constant)
the potential energy V(t) is given by
V(t) = B
2
∫ l
l−`(t)
θ′(s, t)2ds+ Py(l, t) +
∫ l
0
γgy(s, t)ds. (12)
The principle of least action can be applied to the functional A defined as the integration
in time of L(t)
A =
∫ t∗
t0
L(t) dt, (13)
with t0 and t
∗ being arbitrary initial and final instants of the analyzed time interval. The
minimization procedure for the functional A is expressed by the vanishing of its variation (see
Appendix A for details) and leads to the following equations of motion for the part of rod inside
the sliding sleeve
N ′x(s, t)− γx¨(s, t) = 0,
N ′y(s, t)− γ (y¨(s, t) + g) = 0,
s ∈ [0, l − `(t)], (14)
and for the part of rod outside the sliding sleeve
Bθ′′(s, t)− Γθ¨(s, t) +Nx(s, t) cos[θ(s, t) + α]−Ny(s, t) sin[θ(s, t) + α] = 0,
N ′x(s, t)− γx¨(s, t) = 0,
N ′y(s, t)− γ (y¨(s, t) + g) = 0,
s ∈ [l−`(t), l].
(15)
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Furthermore, as a complement to the differential systems (14) and (15), the minimization pro-
cedure also provides the boundary conditions at the two rod’s ends
Nx(0, t) = Ny(0, t) = 0, Nx(l, t) = −mx¨(l, t), Ny(l, t) = −m (y¨(l, t) + g) , M(l, t) = −Iθ¨(l, t),
(16)
and the interfacial boundary condition at the sliding sleeve exit, s = l − `(t),
[[Nx(l − `(t), t)]] sinα+ [[Ny(l − `(t), t)]] cosα =
(
1− Γ
B
˙`(t)2
)
M(t)2
2B
, (17)
where M(t) is the reaction moment provided by the sliding sleeve and the symbol [[·]] denotes the
jump in the relevant argument at a specific spatial coordinate, namely
[[Nj(l − `(t), t)]] = lim|δ|→0
[
Nj
(
l − `(t) + |δ|, t)−Nj(l − `(t)− |δ|, t)], j = x, y. (18)
By considering the moment-curvature linear constitutive relation M(s, t) = Bθ′(s, t) and the
condition of null curvature for the part of rod inside the sliding sleeve, the reaction moment
M(t) results coincident with the bending moment in the rod evaluated at the moving curvilinear
coordinate s = lim|δ|→0(l − `(t) + |δ|),
M(t) = lim
|δ|→0
Bθ′
(
l − `(t) + |δ|, t). (19)
The moving coordinate s = l− `(t) is associated with the cross section at the sliding sleeve exit,
so that M(t) corresponds to the bending moment value at the rod cross section just outside the
constraint.
2.3 The configurational force in dynamics
Considering that the internal force components Nx and Ny (along the x and y axes) can be
described in terms of the components Nx̂ and Nŷ (along the x̂ and ŷ axes) through the following
linear relations
Nx = Nx̂ sinα−Nŷ cosα, Ny = Nx̂ cosα+Nŷ sinα, (20)
the jump condition (17) at the sliding sleeve can be rewritten as
[[Nx̂(l − `(t), t)]] =
(
1− Γ
B
˙`(t)2
)
M(t)2
2B
, (21)
which shows the presence of a non-null jump at the sliding sleeve exit in the internal force
component Nx̂, representing the internal axial force. The presence of such a jump in the axial
force Nx̂ is the result of the action of a configurational force FC(t) at this point, parallel to the
sliding direction (x̂-axis) and equal to
FC(t) =
(
1− Γ
B
˙`(t)2
)
M(t)2
2B
. (22)
It is worth noting that the expression (22) of the configurational force derived within a dynamic
setting differs from that previously obtained under the quasi-static assumption [6] for the pro-
portionality coefficient 1− Γ ˙`(t)2/B. Considering that the density of rotational inertia and the
bending stiffness of a rod with homogenous cross section are given by
Γ = ρJ, B = EJ, (23)
7
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where E is the Young modulus, J is the second moment of the cross section’s area, and ρ is the
volumetric density, the configurational force (22) may be rewritten as
FC(t) =
1−( ˙`(t)
vl
)2 M(t)2
2B
, (24)
where vl is the longitudinal wave velocity in the rod, vl =
√
E/ρ. From the mathematical point
of view, it follows that:
• the quasi-static expression M(t)2/(2B) represents an upper bound for the configurational
force within a dynamic framework,
FC(t) ≤ M(t)
2
2B
, (25)
• excluding supersonic dynamics ( ˙`(t) > vl), the configurational force always has an outward
orientation from the sliding sleeve constraint,
FC(t) > 0. (26)
However, in practical applications the sliding velocity of a rod is usually much smaller than its
longitudinal wave velocity ( ˙`(t) vl) so that the configurational force is very well approximated
by the expression of its quasi-static counterpart
FC(t) ≈ M(t)
2
2B
. (27)
3 The dynamics of a falling mass attached to an elastic rod sliding through a
sleeve
The dynamic response of the structural system sketched in Figs. 1 and 2 is now addressed
under the assumption that the inertia of the system is only provided by the lumped mass m,
while the remaining inertia contributions associated to γ, Γ, and I are neglected. Under this
assumption, which is fully satisfied in the experimental set-up reported later, the lumped mass
coordinates xl(t) = x(l, t), yl(t) = y(l, t) and the configurational parameter `(t) represent the
three fundamental kinematic quantities necessary for describing the evolution in time of the
whole mechanical system, because the spatial integration can be independently performed in
a closed form [2]. Indeed, for rods subject only to concentrated loads, the internal actions
Nx(s, t) and Ny(s, t) are piecewise constant in space. In particular, from the integration of
the differential eqns (14)1, (14)2, (15)2, (15)3 and considering the boundary conditions (16), it
follows that the part of the rod inside the sliding sleeve is completely unloaded
Nx(s, t) = Ny(s, t) = 0, s ∈
[
0, l − `(t)), (28)
while the outside part of rod is subject to a constant internal force
Nx(s, t) = Nx(t), Ny(s, t) = Ny(t), s ∈
(
l − `(t), l], (29)
where
Nx(t) = −mx¨l(t), Ny(t) = −m [g + y¨l(t)] . (30)
8
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Therefore, the differential eqn (15)1 governing the rotation field θ(s, t) has coefficients varying
only in time and can be rewritten as the elastica
Bθ′′(s, t) +R(t) sin[θ(s, t)− β(t)] = 0, s ∈ [l − `(t), l], (31)
where R(t) is the resultant force applied at the rod’s end, s = l, and β(t) measures its clockwise
inclination with respect to the x̂ axis,
R(t) =
√
N
2
x(t) +N
2
y(t), tanβ(t) =
Nx(t) cosα−Ny(t) sinα
Nx(t) sinα+Ny(t) cosα
. (32)
Note that, considering relation (20), the resultant force R(t) and its inclination β(t) can also
be expressed in terms of the internal force components Nx̂(t) and Nŷ(t) as
R(t) =
√
N
2
x̂(t) +N
2
ŷ(t), tanβ(t) = −
N ŷ(t)
N x̂(t)
. (33)
3.1 Closed-form spatial integration of the elastica
As previously noticed, because the governing eqn (31) has coefficients varying only in time, the
spatial integration of the elastica can be performed independently of the integration in time,
as a function of the unknown values R(t) and β(t). Following [2], the spatial integration of the
elastica (31), complemented by the boundary conditions of null rotation at the sliding sleeve
end, θ(l − `(t), t) = 0, and of null moment at the rod’s end, θ′(l, t) = 0, provides the relation
between the resultant force R(t), the end rotation θl(t), the resultant inclination β(t), and the
external length `(t)
R(t) =
B
[K(k(t))−K(σ0(t), k(t))]2
`2(t)
, (34)
where K(k) and K(σ0, k) are, respectively, the complete and incomplete elliptic integrals of the
first kind,
K(k) =
pi/2∫
0
1√
1− k2 sin2 φ
dφ, K(σ0, k) =
σ0∫
0
1√
1− k2 sin2 φ
dφ, (35)
while k(t) and σ0(t) are parameters (varying in time) defined as functions of the rod’s end
rotation θl(t) and the load inclination β(t) as follows
k(t) = sin
(
θl(t)− β(t)
2
)
, σ0(t) = − arcsin
[
1
k(t)
sin
(
β(t)
2
)]
. (36)
Furthermore, the position of the rod’s end can be evaluated as
xl(t) = `(t)
{
A(t) sin[α+β(t)]−B(t) cos[α+β(t)]}, yl(t) = `(t){A(t) cos[α+β(t)]+B(t) sin[α+β(t)]},
(37)
or, equivalently, as
x̂l(t) = `(t)
{
A(t) cosβ(t)+B(t) sinβ(t)
}
, ŷl(t) = `(t)
{−A(t) sinβ(t)+B(t) cosβ(t)}, (38)
where
A(t) = −1 +
2
{
E(k(t))− E(σ0(t), k(t))}
K(k(t))−K(σ0(t), k(t)) , B(t) = −
2k(t) cos [σ0(t)]
K(k(t))−K(σ0(t), k(t)) ,
(39)
9
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and E is the incomplete elliptic integral of the second kind,
E(σ0, k) =
σ0∫
0
√
1− k2 sin2 φ dφ. (40)
From the above equations, the evolution of the elastic system under consideration can be de-
scribed once the three fundamental functions `(t), θl(t), and β(t) are evaluated in time. The
evolution of these three functions is governed by the following nonlinear differential-algebraic
equation (DAE) system (where the square of the velocity ratio ˙`(t)/vl appearing in eqn (24) is
assumed negligible)
N x̂(t) = −m
[
g cosα+ ¨̂xl(t)
]
− c(t) ˙̂xl(t),
N ŷ(t) = −m
[
g sinα+ ¨̂yl(t)
]
− c(t) ˙̂yl(t),
N x̂(t) = −
[
N x̂(t)ŷl(t)−N ŷ(t)x̂l(t)
]2
2B
+ µ
∣∣N ŷ(t)∣∣ sign [ ˙`(t)] ,
(41)
which is composed by two nonlinear differential equations in the time variable and a nonlinear
algebraic equation. The differential equations represent the Newton’s second law, eqn (30),
for the lumped mass, decomposed along the x̂ and ŷ directions. The algebraic equation repre-
sents the interfacial boundary condition, eqn (21), namely, the axial equilibrium at the sliding
sleeve end in the presence of the configurational force. More specifically, while the former two
equations govern the system evolution, the latter provides an implicit relation for the values
assumed by the three functions `(t), θl(t), and β(t) at the same instant of time t, for example,
`(t) = `(θl(t), β(t)). It is also remarked that the equations of the system (41) are an enhanced
version of those obtained in Sect. 2.2, because dissipative effects, essential for comparisons with
experiments, are now introduced as follows:
• the resultant components (30) acting on the lumped mass are modified into eqns (41)1 and
(41)2 to account for viscous dissipation, through the non-constant parameter c(t) defining
a linear damping, related to air drag and to the presence of lubricant in the sliding sleeve.
Inspired by the definition usually introduced in small amplitude dynamics of rods with
fixed length,2 the non-constant parameter c(t) is assumed, with reference to a constant
damping ratio ζ, as
c(t) = 2ζ
√
3mB
`(t)3
; (43)
• the axial reaction at the sliding sleeve is modified to account for possible friction forces
at the constraint, assumed opposed to the motion and with modulus given by a Coulomb
coefficient µ multiplying the transverse reaction force N ŷ(t) at the sliding sleeve.
2 In the small amplitude dynamics of a lumped mass attached at the free end of a clamped rod (of length L
and bending stiffness B), the following damping coefficient is usually assumed
c = 2ζ
√
3mB
L3
, (42)
an expression that can be retrieved from the non-constant parameter c(t), eqn (43), when the external length
`(t) = L is assumed constant.
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Within a large rotation setting, all the quantities involved in the system (41) can be expressed
as functions of the three parameters `(t), θl(t), and β(t). In particular, through eqn (38), the
spatial integration of the elastica provides the positions x̂l(t) and ŷl(t), which derived with
respect to time provide the related velocity and acceleration components. Considering now
eqns (33) and (34), the resultant force components can be written as
N x̂(t) = − B
`2(t)
[K(k(t))−K(m(t), k(t))]2 cosβ(t),
N ŷ(t) =
B
`2(t)
[K(k(t))−K(m(t), k(t))]2 sinβ(t). (44)
Due to the strong nonlinearities of both eqns (41) and (44), the integration in time can only
be performed numerically.
3.2 Initial conditions and numerical time integration
The motion of the considered structural system is activated when at the initial time at least
one of the energies, namely, kinetic T (t = 0) or potential V(t = 0) is non-null, where the
former energy is related to the mass’ velocity and the latter is provided by the sum of both
the strain energy stored in the rod and the gravitational potential of the lumped mass. To
maintain consistency with the hypotheses at the basis of the adopted model (which is simplified
by assuming a negligibile rod’s inertia)3 and to limit the analysis to initial conditions relatively
easy to be experimented, the rod is assumed initially straight in its undeformed configuration
and at rest. Therefore, the initial kinematics of the lumped mass is given by
x̂l(0) = `0, ŷl(0) = ˙̂xl(0) = ˙̂yl(0) = 0, (45)
where `0 is the length of the rod external to the sliding constraint at the initial time, `0 = `(t =
0).
Introducing the characteristic time T
T =
√
`0
g
, (46)
a parametric analysis of the dynamics of the structure in the dimensionless time variable τ = t/T
can be performed in terms of the following dimensionless kinematic quantities
λ(τ) =
`(τ)
`0
≥ 0, ξ(τ) = x̂l(τ)
`0
, η(τ) =
ŷl(τ)
`0
, (47)
when the sliding sleeve inclination α and the following load parameter p are varied,
p =
mg`20
B
> 0, (48)
which ‘condenses’ both the initial geometrical and loading conditions. It follows that the di-
mensionless version of the initial conditions (45) is given by
ξ(0) = 1, η(0) =
∗
ξ(0) =
∗
η(0) = 0. (49)
3 The formulated evolutive problem in which the undeformed configuration is assumed at the initial time is
consistent with treating the dynamic problem under the assumption of negligible rod’s inertia. Differently, initial
conditions related to the presence of a non-null curvature at the sliding sleeve exit may lead to a jump in the
deformed configuration at the initial time. This would be the result of a sudden transfer of the configurational
force from the sliding sleeve to the point where the external mass is located, s = l.
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where the superimposed ‘*’ stands for the derivative with respect to the dimensionless time τ .
The numerical treatment of the equations governing the dynamics of an elastic rod presents
certain difficulties connected with the inextensibility constraint [33] and the strong nonlinearities
involved [20]. These difficulties are successfully overcome by adopting the numerical technique
described in Appendix B and the obtained theoretical predictions are presented in the following
subsection.
3.3 Injection vs. ejection
A crucial issue in the mechanical behaviour of the structure shown in Figs. 1 and 2 is to predict
if the rod’s dynamics will end up with its final complete injection into the sliding sleeve or,
oppositely, with its complete ejection from there.
For highly stiff rods (p→ 0), the motion is expected to be a pure rigid translation, described
in the absence of dissipative phenomena by
`rigid(τ)
`0
= 1− cosα
2
τ2, (50)
showing that for α ∈ (0, pi/2) a rigid rod is always completely injected at the time
τ rigidinj =
√
2
cosα
, (51)
while for α ∈ (pi/2, pi) a rigid rod is always ejected. By contrast, when the rod is flexurally
deformable, due to the outward direction of the configurational force at the sliding sleeve,
the complete ejection may also be attained for inclinations α ∈ (0, pi/2), so that the set of
inclinations α corresponding to ejection is enlarged with respect to the rigid case.
A theoretical investigation on the motion of the system and the attained final stage is
presented below by exploiting the above-developed model, accounting for dissipative effects.
Considering dissipative phenomena in the motion is instrumental for the analysis because the
final stage of complete injection would never be attained for conservative systems. Such an issue
is related to the impossibility of turning the (constant) total potential energy of the system into
kinetic energy associated only to a motion parallel to the sliding sleeve direction and at the
same time to null elastic energy in the rod.
With reference to a non-null external length `0 and disregarding the rod’s mass, equilibrium
configurations have been obtained from a quasi-static analysis [6] as the satisfaction of the
following equation, written in terms of dimensionless load p and sliding inclination α
peq(α) =
[
K
(
1
2
)
+K
(
arcsin
(
1√
2
sin
α
2
)
,
1
2
)]
. (52)
The condition (52), expressing the geometrical condition of orthogonality between the tangent to
the rod’s end and the applied load direction, can be approximated for sliding sleeve inclinations
α ' 0 and α ' pi/2 as4
peq(α) ≈ K
(
1
2
)[
K
(
1
2
)
−
√
2|α|
]2
+ o(α), peq(α) ≈ pi − 2α+ o(pi − 2α)2. (53)
4It is worth noting that the (unstable) equilibrium is attained whenever the configurational force balances the
component of the load P along the sliding direction, namely M2/(2B) = P cosα. Neglecting the nonlinearities
provided by large rotations, the moment reaction is approximately expressed by M ≈ P`0 sinα and therefore the
equilibrium is attained when p ≈ 2 cosα/ sin2 α, an expression that very well approximates eqn (52) for α ≈ pi/2.
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The equilibrium configurations solutions of eqn (52) are unstable, so that it is expected that,
at least at low dissipation, the dynamic effects originated from any perturbation applied to the
system will push the elastic rod towards the minimization or the maximization of its external
length `(τ) at large times. These two conditions respectively correspond, for a dissipative
system, to a final configuration of complete injection into or complete ejection from the sliding
sleeve, which can be expressed as
lim
τ→∞λ(τ) = 0⇔ complete injection, limτ→∞λ(τ) 1⇔ complete ejection. (54)
According to the experimental evidence (described in the next section), two intervals for p may
be identified, which correspond to final states of complete injection and complete ejection, as
p ∈
(
0, ptr(α)
)
→ complete injection, p ∈
(
ptr(α),∞
)
→ complete ejection, (55)
where ptr(α) is a ‘transition value’ for the dimensionless load at a given sliding sleeve inclination
α, discriminating between injection and ejection. While from a theoretical point of view, an
analytical definition of the transition value ptr(α) is not feasible (within a dynamic framework
characterized by strong nonlinearities), from a practical point of view, the transition can be
evaluated by analyzing λ(τ) at large values of the dimensionless time τ . This can be done for
different values of load p and inclination α, as the result of an integration of the equations of
motion (41), where dissipative terms are included. Note that the introduction of the viscous
damping ratio ζ, essential to correctly capture the experiments that will be reported in the next
section, also provides a regularization useful for the stability of the numerical integration. The
transition value ptr(α) has been numerically evaluated for a specific inclination angle α through
the following iterative procedure based on a bisection method. At the j-th step, the transition
value p
(j)
tr (α) is estimated as
p
(j)
tr (α) =
p
(j)
max,in(α) + p
(j)
min,out(α)
2
, (56)
where p
(j)
max,in(α) and p
(j)
min,out(α) are respectively the highest load for the rod injection and the
lowest load for ejection, both evaluated at the step j. The iterative procedure is terminated at
the step k and the transition value is considered reached, ptr = p
(k)
tr , when its difference with
the transition load evaluated in the previous step, p
(k−1)
tr , is negligible with respect to a positive
threshold p ∣∣∣∣∣p(k)tr − p(k−1)trp(k−1)tr
∣∣∣∣∣ < p. (57)
The numerical integration of the two nonlinear systems has been performed by including the
dissipative effects through the parameters ζ = 0.025 and µ = 0.15. The value of the damp-
ing ratio ζ has been estimated as the average of the equivalent damping ratios providing the
logarithmic decrements experimentally measured during the free oscillations of the system at
different, but fixed, length (clamped rod). The value of the friction coefficient µ has been
calibrated through an optimal matching between experimentally measured and theoretical pre-
dicted trajectories of the lumped mass (shown in the next section). The numerical integration is
accomplished by means of the function NDSolve in Mathematica (v. 11) considering the options
MaxStepSize→ 10−3, StartingStepSize→ 10−8, Method→ IndexReduction,5 and the small
5 The option Method → IndexReduction is only needed in the numerical integration during the large rotation
regime, namely, in solving the DAE system (41). Such an option implies that a differentiation of the algebraic
equation is performed during the numerical integration. Indeed, being two the indices of the considered DAE
system, two differentiations have to be performed on the algebraic equation to successfully perform the integration.
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value p = 5 × 10−4 for the definition of the transition load. Such a value for p provides p(k)tr
and p
(k−1)
tr , two loads for which the system displays almost the same oscillatory evolution in the
time interval τ ∈ [0, 12] and within this interval does not show tendency towards injection or
ejection.
Note that the mechanical problem under consideration is symmetric with respect to the
inclination α = 0 (so that the sign of α does not play a role) and the transition load satisfies
the property ptr(α± 2mpi) = ptr(α) with m ∈ N0.
The transition load ptr(α) has been numerically evaluated for the twentysix inclinations α
reported in Table 2 and the corresponding transition curve has been reported in Fig. 3.
α× pi
180
13 14 15 16 17 18 19 20 21 22 23 24 25
ptr 11.870 10.715 9.700 8.814 8.030 7.324 6.753 6.378 6.039 5.675 5.331 5.016 4.731
α× pi
180
30 35 40 45 50 55 60 65 70 75 80 85 89
ptr 3.599 2.813 2.239 1.806 1.471 1.208 0.995 0.817 0.672 0.544 0.429 0.337 0.201
Tab. 2: Transition load ptr, discriminating between injection and ejection, numerically evaluated for different
sliding sleeve inclinations α.
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Fig. 3: Dimensionless transition load ptr as a function of the sliding sleeve inclination α (blue curve). The curve
separates the two regions for which complete injection (p < ptr, green region) and complete ejection (p ≥ ptr,
pink region) respectively occurs as the final state of the system evolution starting from the undeformed straight
configuration. Experimental results (obtained in Sect. 4) are also reported for polycarbonate (PC, circle markers)
and carbon fibre (CF, star markers) rods, displaying final injection (green markers) and ejection (red markers).
The (unstable) equilibrium loading condition peq(α), eqn (52), is also reported (dashed gray curve).
As described by eqn (55), the transition load curve defines two regions within the p − α
plane so that the load-inclination pairs lying below/above such a curve are related to the final
injection/ejection of the elastic rod into/from the sliding sleeve. It can be also observed that:
• the transition load is a monotonically decreasing function of the sliding sleeve inclination
dptr
dα
< 0; (58)
• injection always occurs for vertical upward sliding sleeve inclinations
lim
α→0
ptr(α) =∞; (59)
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• ejection always occurs for the horizontal sliding sleeve inclination
lim
α→pi
2
ptr(α) = 0. (60)
Note that the loading peq(α) defined by eqn (52) is also reported dashed in Fig. 3. This load
singles out the (unstable) equilibrium configuration of the system for a rod of external length
equal to the external length at the initial instant of the motion. The peq(α) curve is almost
rectilinear and superimposed to the transition curve for α ' pi/2.
Experimental values are also shown in Fig. 3 with red and green markers, the former/latter
referred to the situation in which complete ejection/injection has been observed at the end of
the test. Experiments (described in the next Section and performed with rods made up of two
different materials, polycarbonate and carbon fibre) are in good agreement with the numerical
evaluation of the transition curve.
Finally, numerical simulations (not reported for brevity) performed with very small values
of viscous damping (ζ < 10−2), show a highly nonlinear dynamics of the system, numerically
difficult to follow. In this case, it is also observed that more than one transition load may be
found.
Numerical predictions for the lumped mass trajectory for different sliding inclinations (α =
{1/12, 1/6, 1/4, 2/3}pi) are reported in Fig. 4 at increasing load p = {0.5, 0.999, 1.001, 1.5}ptr.
The simulations show final complete injection for p < ptr and final complete ejection for p > ptr.
Three deformed configurations of the rod attained during its motion are also reported at different
dimensionless time instants τ = {τ1, τ2, τ4} and τ = {τ1, τ2, τ3} respectively for p < ptr and for
p > ptr, with τ1 = 0.4, τ2 = 2,τ3 = 3, and τ4 = 4.
To provide further insights on the dynamics of the rod, its external length λ(τ) = `(τ)/`0
and its phase portrait are reported in Figs. 5 and 6, for different values of the load p and sliding
sleeve inclination α.
Three cases with α = pi/12 are reported in Fig. 5, one relative to a rigid rod, and the
other two corresponding to deformable rods, which exhibit final ejection (p = 1.5ptr) and
final injection (p = 0.999ptr). The evolution of the dimensionless external length `(τ)/`0 is
reported as a function of the dimensionless time τ on the left part of the figure. Here, the
rigid system is represented by an half downward parabola (thick red dashed line) with vertex
at (`(0)/`0 = 1, τ = 0) and intersection with the time axis at τ
rigid
inj = 2
3/4
√√
3− 1 (marked
as a red diamond marker). The phase portrait diagram is reported on the right part of the
figure. Also here, the response of the rigid system is represented by an half-parabola, now
leftward, with vertex at (`(0)/`0 = 1, ˙`(0) = 0) and intersection with the velocity axis at
˙`
(
τ rigidinj
)
= − 4
√
2 +
√
3`0/T . The same half parabolas have also been reported (thin red dashed
line) by shifting their vertex to coincide with the four following peaks in the external length
`(τ) for the compliant system with p = 0.999ptr (green curves).
To better understand the figure, consider first the response of the compliant system subject
to p = 1.5pcr (orange curve). This response is initially very close to that of the rigid system
(which ends with the complete injection) and then quickly departs from the initial injection stage
to ejection with an unbounded increase of external length, thus reaching complete ejection.
Considering now the compliant system subject to p = 0.999ptr (green curve), its dynamics
is characterized by five oscillations. These oscillations are the repetition of injection stages
(closely resembling the rigid-system motion, reported as shifted red dashed parabolas) and
ejection stages.
Similarly to Fig. 5, the dynamic response of the compliant system is shown in Fig. 6
for different dimensionless loads p = {0.1, 0.5, 0.999, 1, 1.001, 1.5, 10} ptr(α) and sliding sleeve
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Fig. 4: Numerical predictions of the lumped mass trajectory within the dimensionless plane x/`0 −
y/`0 for different sliding sleeve inclinations, α = {1/12, 1/6, 1/4, 1/3}pi, and dimensionless loads, p =
{0.5, 0.999, 1.001, 1.5} ptr(α). Different inclinations (increasing from the upper to the lower part) and different
loads (increasing from left to right) are considered. The numerical values of transition dimensionless loads for the
four considered inclinations are reported in Table 2. Deformed configurations attained at specific dimensionless
time instants (τ1 = 0.4, τ2 = 2, τ3 = 3, τ4 = 4) are also reported.
inclinations, α = {1/12, 1/6, 1/4, 1/3}pi (increasing from the upper to the lower part).
It can be observed from Fig. 5, but even more incisively from Fig. 6, that:
• when p ' ptr, the system initially displays an oscillatory behaviour with a number of
oscillations (before the complete ejection or injection) increasing with the decrease of
|1− p/ptr|;
• when p < ptr, due to dissipation, the oscillation amplitude decreases in time towards the
complete injection of the rod into the sliding constraint;
• when p > ptr, the motion eventually displays an unbounded increase of the external length
`(t), leading to the complete ejection of the rod from the sliding sleeve.
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Fig. 5: (Left) Evolution of the rod’s length external to the sliding sleeve, `, with the dimensionless time τ for the
rigid system (thick red dashed line) and for two flexible systems, p = {0.999, 1.5} ptr(α) (respectively reported as
green and orange lines), and with a sliding sleeve inclination α = pi/12. The injection time for the rigid system is
reported as a red diamond along the dimensionless time axis at τrigidinj = 2
3/4
√√
3− 1. (Right) Phase portrait of
`(τ), showing the velocity of the rod’s change in length ˙`(τ) as a function of `(τ), for the three mechanical systems
considered in the left column. Note that 5 half parabolas are reported with a red dashed line, representing the
rigid-body motion of an infinitely stiff rod with initial conditions corresponding to the vertex of the parabolas.
4 Experiments on the rod’s dynamics
The experimental setup reported in Fig. 7 has been realized and tested (at the Instabilities
Lab of the University of Trento) to assess the influence of the configurational force generated at
the sliding sleeve and to quantify its effect on the dynamics of the structural system sketched
in Figs. 1 and 2. The experiments, the first of this kind, are complicated by several issues,
including the minimization of friction in the sliding sleeve and the realization of a triggering
mechanism for the instantaneous release of the weight attached to the rod.
The sliding sleeve, with an overall length of 825 mm, was realized with 33 pairs of rollers
(Fig. 7b). Each roller is made up of a steel cylinder (20 mm diameter and 25 mm length),
containing two roller bearings. The sliding sleeve was tested under the quasi-static loading
and was shown to properly realize the configurational force predicted by the theoretical model.
Friction was further decreased using a lubricant oil (Ballistol by Klever).
The initial undeformed (straight) condition is realized by holding the rod’s end with a brake
shoe system (Fig. 7a) placed on a rigid support allowing to correctly set the initial length of the
rod outside the sliding sleeve, `0. The brake shoe system is connected through a fishing wire
to a tightener and a trigger, so that it can be easily operated to obtain a sudden release of the
weight attached to the rod’s end. The whole apparatus was mounted on a pneumatic optical
table (Nexus from ThorLabs), in order to prevent spurious vibrations.
Tests were performed using three different elastic rods, two were made up of polycarbonate
(PC) strips (Young Modulus E = 2350 MPa and volumetric mass density ρ = 1180 kg/m3, so
that the longitudinal wave velocity is vl ≈ 1.4 km/s), and one was made up of carbon fibre (CF)
strips (E = 80148 MPa, ρ = 1620 kg/m3, vl ≈ 7 km/s). The PC rods are both 2.95± 0.05 mm
thick and 25± 0.05 mm wide, but differ in their length (550 mm and 800 mm). The CF rod is
2.0 ± 0.05 mm thick, 25 ± 0.05 mm wide and 800 mm long. All the ends of the rods slipping
into the sleeve were sharpened using a CNC engraving machine (Roland EGX-600). A gap of
0.5 mm was always kept between the rod and the rollers along the channel.
High frame-rate movies (120 fps) were recorded during each test with a Sony PXW-FS5
video camera, to capture the dynamic motion of the rods. In addition, photos were taken with
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Fig. 6: As for Fig. 5 but with dimensionless load p = {0.1, 0.5, 0.999, 1, 1.001, 1.5, 10} ptr(α) and at sliding sleeve
inclinations α = {1/12, 1/6, 1/4, 1/3}pi (increasing from the upper to the lower part). The injection times for
the rigid system at these inclinations are reported as red diamonds along the dimensionless time axis, located at
τrigidinj = {23/4
√√
3− 1, 2 × 3−1/4, 23/4, 2}. In the phase portrait the dimensionless time τ defining states close
to the plot-range boundary is also specified for p = {1, 1.001, 1.5, 10}ptr, so that the ejection’s acceleration at
increasing load can be appreciated.
a Sony Alpha 9 camera.
Several tests were performed on the three rods at different inclination angles α = −{1/12, 1/9,
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optical table
b
a
Fig. 7: The experimental set-up designed and manufactured to investigate the dynamic response of the structural
system shown in Fig. 2. Insets (a) and (b) report details of the release mechanism and of the sliding sleeve,
respectively.
5/36, 1/6, 7/36, 2/9, 1/4, 5/18, 11/36, 1/3, 13/36, 7/18, 5/12, 4/9, 17/36}pi for different values of
the dimensionless load p, through application of different attached masses m and initial lengths
`0.
6 The final stages of complete injection and ejection observed from the experiments for each
considered pair {p, α} are reported in Fig. 3 as green and red symbols, respectively, with circle
markers identifying experiments with PC rods and star markers those with CF rods.
The sliding velocity measured during the experiments confirms the smallness of the velocity
ratio between rod’s sliding and longitudinal wave speed, | ˙`(t)/vl| . 10−3, and therefore the
validity of the approximation (27) for the configurational force (24).
Experimentally measured injection times texpinj , made dimensionless through division by
trigidinj =
√
`0/gτ
rigid
inj , are reported in Table 3 for different sliding sleeve inclinations α and
load ratio p/ptr.
Polycarbonate (PC) Carbon fibre (CF)
α× pi
180
15 30 45 60 15 30 45 60
p/ptr 0.952 0.937 0.967 0.804 0.418 0.919 0.894 0.840
texpinj /t
rigid
inj 8.286 23.766 20.026 31.978 16.567 23.876 27.596 38.115
Tab. 3: Experimental measures on polycarbonate and carbon fibre rods of the injection times texpinj , made dimen-
sionless through division by trigidinj , for different sliding sleeve inclinations α and load ratios p/ptr.
6Experiments at inclination angles α smaller than pi/12 were not performed as they were not feasible with the
designed experimental set-up, which requires long rods or large masses. A decrease in the rod stiffness through a
reduction in its cross section would cause inelastic deformation in the rod during the motion, due to the involved
high load levels. It is also worth to mention that the simplified theoretical model, based on the negligibility of
the rod’s mass density, properly predicts the experimental observations because all the considered experimental
set-ups are characterized by m > 10γl.
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It can be noticed from the Table that the rod’s flexibility, expressed through the load ratio
p/ptr, increases the injection time substantially, up to an experimentally measured factor of
about 38 times the time for injection in the rigid system. The magnification of the injection
time provides a further qualitative insight into the complexity of the dynamic motion when the
flexibility of the system plays a role.
To better appreciate the dynamics of the elastic rod, stroboscopic photos taken after the
mass release are reported in Fig. 8, referred to a sliding sleeve inclination α = pi/4 and loads
p = 0.75ptr (left) and p = 1.1ptr (right). The mass trajectory is also reported, as measured
through an ad hoc application developed in Python to process the videos acquired at high
frame-rates. More specifically, the code exploits the OpenCV libraries, a tool-set dedicated to
image processing and machine learning applications and, by tracking the trajectory traveled by
the lumped mass, provides the position xl, yl as output for each frame.
= 0.75 = 1.10
4
p
4
p
200 mm
Fig. 8: The experimental determination of the trajectory of a falling down mass attached to an elastic rod which
can slip into a frictionless sliding sleeve. Final injection/ejection is observed on the left/right. Stroboscopic
photos taken during experiments (performed with sliding sleeve inclination α = −pi/4 on carbon fibre rods for
p = 0.75ptr on the left and p = 1.1ptr on the right) are also reported.
As a final comparison between the results of mechanical modelling and experiments, the
trajectory described by the lumped mass and its coordinates evolution in time, x̂l(τ)/`0 and
ŷl(τ)/`0, after the release from the undeformed configuration are reported in Fig. 9. Two
settings are considered, α = pi/12 with p = 0.41ptr (upper part) and α = pi/4 with p = 0.90ptr
(lower part). The experimental measures (red curves) are shown to be very well predicted by the
model (blue curves) and, to better appreciate this, the mass position at the dimensionless times
τ1, τ2, τ3 and τ4 is highlighted through circles on the experimental and theoretical trajectory.
5 Conclusions
The presence of configurational forces during a complex dynamic motion of an elastic rod subject
to large deflections has been theoretically and experimentally proven, thus extending previous
results restricted to the quasi-static case [6]. The theoretical proof is based on a variational
approach and on the development of a model capable of reproducing the highly nonlinear
dynamics of an elastic rod in the presence of: (i.) a sliding sleeve (generating the configurational
force), (ii.) a viscous and (iii.) a frictional dissipative term. The experimental set-up has
permitted the analysis of the rod’s dynamic motion and the validation of the theoretical model.
The configurational force, shown to be very well approximated by its counterpart obtained in
a quasi-static context, has been demonstrated to represent a decisive ingredient in the dynamics
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Fig. 9: The experimental (red curves) and theoretical (blue curves) determination of the trajectory of a falling
mass attached to an elastic rod which can slip into a frictionless sliding sleeve. The mass coordinates xˆl and yˆl as
functions of the dimensionless time τ are reported on the left, while the mass trajectory is reported on the right
for the following values of parameters: α = pi/12 and p = 0.41ptr (upper part), α = pi/4 and p = 0.90ptr (lower
part); the rods are made up of carbon fibre strips. Final complete injection is attained in both the reported cases.
of the structure, so that the configurational action generates motions during which, surprisingly,
injection alternates with ejection from the sliding sleeve.
The obtained results open new perspectives in the analysis of the dynamic response of struc-
tural systems subject to configurational constraints and may find applications to the mechanical
design of innovative flexible devices for soft robotics applications.
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Appendix A - Equations of motion from a variational approach
The equations of motion for the considered system can be obtained through the minimization
of the functional A, eqn (13). To this purpose the kinematic fields x(s, t), y(s, t), θ(s, t), and
the configurational parameter `(t) are respectively perturbed by the variation fields xvar(s, t),
yvar(s, t), θvar(s, t), and `var(t), where  is a small quantity, and subject to the following
conditions at the initial and final time,
xvar(s, t) = yvar(s, t) = θvar(s, t) = `var(t) = 0, for t = t0 and t = t
∗. (A.1)
The Taylor series expansion of the kinematical constraint (3) at first-order in the small
parameter  implies the following relation between the variation in the rotation at the sliding
sleeve exit θvar(l − `−(t), t) and the variation in the configurational parameter `var(t),
θvar(l − `−(t), t) = θ′
(
l − `−(t), t) `var(t), (A.2)
where the curvilinear coordinate s = l− `−(t) refers to the point just outside the sliding sleeve
exit, so that
θvar(l−`−(t), t) = lim|δ|→0 θvar
(
l−`(t)+ |δ|, t), θ′(l−`−(t), t) = lim
|δ|→0
θ′
(
l−`(t)+ |δ|, t). (A.3)
Through integration by parts and considering the constraint for the variations expressed by eqn
(A.2) and the relation (8) between the spatial and the time derivatives of the rotation at the
sliding sleeve exit, the minimization of the functional A, eqn (13), is equivalent to the following
expression∫ l
l−`(t)
{
Bθ′′(s, t)− Γθ¨(s, t) +Nx(s, t) cos[θ(s, t) + α]−Ny(s, t) sin[θ(s, t) + α]
}
θvar(s, t)ds
+
∫ l
l−`(t)
{
N ′x(s, t)− γx¨(s, t)
}
xvar(s, t)ds+
∫ l
l−`(t)
{
N ′y(s, t)− γ (y¨(s, t) + g)
}
yvar(s, t)ds
+
∫ l−`(t)
0
{
N ′x(s, t)− γx¨(s, t)
}
xvar(s, t)ds+
∫ l−`(t)
0
{
N ′y(s, t)− γ (y¨(s, t) + g)
}
yvar(s, t)ds
−{Nx(l, t) +mx¨(l, t)}xvar(l, t)− {Ny(l, t) +m (y¨(l, t) + g)} yvar(l, t)
+Nx(0, t)xvar(0, t) +Ny(0, t)yvar(0, t)−
{
Iθ¨(l, t) +Bθ′(l, t)
}
θvar(l, t) + {−[[Nx(l − `(t), t)]] sinα
−[[Ny(l − `(t), t)]] cosα+
(
B − Γ ˙`(t)2
) [θ′(l − `−(t), t)]2
2
}
`var(t) = 0.
(A.4)
Imposing the vanishing of this expression for every variation field xvar(s, t), yvar(s, t), θvar(s, t),
and `var(t) subject to the conditions (A.1) provides the systems of equations of motion (14) and
(15), the boundary conditions (16) and the interfacial condition (17). It is remarked that, in
addition to the curvature θ′(s, t) and rotation velocity θ˙(s, t) fields, the internal forces Nx(s, t)
and Ny(s, t) may also have a spatial discontinuity at the sliding sleeve exit s = l− `(t), so that
the symbol [[·]] has been introduced as the jump in the relevant argument at a specific curvilinear
coordinate, as defined in eqn (18).
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Appendix B - The numerical integration strategy
Because of the inextensibility assumption, a stiffening of the differential system (41) occurs
whenever the rod approaches the undeformed configuration, namely in the small rotation regime.
This stiffening yields a numerical difficulty, which can be overcome by integration under the
assumption of small rotation. This approximation is used for the nonlinear system within the
time intervals during which the transverse displacement satisfies the following condition
|ŷl (t)| ≤ `(t)
200
. (B.1)
Within the small rotation regime, the rod’s end position can be computed as
x̂l(t) = `(t), ŷl(t) =
N ŷ(t)`
3(t)
3B
, (B.2)
and the following moment inequality holds∣∣N x̂(t)ŷl(t)∣∣ ∣∣N ŷ(t)x̂l(t)∣∣ , (B.3)
so that the nonlinear DAE system (41) can be reduced to the following system of two nonlinear
differential equations
9B
2
ŷ2l (t)
x̂4l (t)
− 3Bµ
∣∣∣∣ ŷl(t)x̂3l (t)
∣∣∣∣ sign [ ˙̂xl(t)] = m [g cosα+ ¨̂xl(t)]+ c ˙̂xl(t),
3B
ŷl(t)
x̂3l (t)
= −m
[
g sinα+ ¨̂yl(t)
]
− c ˙̂yl(t).
(B.4)
It is remarked that due to the small rotation assumption, the nonlinear system (B.4) is solved
in terms of two independent quantities x̂l(t) = `(t) and ŷl(t) only, a procedure much easier than
solving the system (41), where `(t) is not constrained to be equal to x̂l(t). For this reason, the
performed numerical integration introduces a discontinuity in `
(
t˜i
)
and ˙`
(
t˜i
)
at all the ‘passage’
times t˜i for which ∣∣ŷl (t˜i)∣∣ ' ` (t˜i)
200
, i ∈ N, (B.5)
corresponding to the passage between the large and small rotation regimes and implying the
passage from the integration of the nonlinear system (41) to its approximated version (B.4) and
viceversa.
In particular, the integration starts at t = 0 within the small rotation regime, so that the
external length is constrained to be equal to the axial position, `(t) = x̂l(t), and therefore its
velocity is given by ˙`(t) = ˙̂xl(t), two conditions which do not need to be satisfied when the small
rotation condition (B.1) is no longer satisfied.
The value of `
(
t˜1
)
and the corresponding velocity ˙`
(
t˜1
)
at the first passage time t = t˜1
can be obtained from eqn (41)3 and its time derivative. It follows that jumps in the external
length `(t) and its velocity ˙`(t) are originated at the first passage time t˜1 and similarly at all the
passage times t˜i (i ∈ N), when the numerical integration switches from the nonlinear system,
eq (41), to its approximation, eq (B.4). Nevertheless, it is shown below that the jumps in the
mentioned quantities are always found to be negligible because the passage from one of the two
solving systems to the other occurs when the condition (B.5) is verified.
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The jumps generated by the adopted numerical strategy are monitored to be negligible by
checking the following inequalities for all the passage times τ˜i
|`(τ˜+i )− `(τ˜−i )|
`(τ˜−i )
< `,
∣∣∣∣∗`(τ˜+i )− ∗`(τ˜−i )∣∣∣∣
∗
`(τ˜−i )
< ∗
`
, i ∈ N, (B.6)
being ` and ∗
`
positive but small values. Moreover, the consistency of the numerical integration
is assessed through a comparison between the total energy decrease ∆Π(τ) of the system
∆Π(τ) = T (τ) + V(τ)− V(0) < 0, (B.7)
and the work dissipated Wd(τ) through viscosity and friction,
Wd(τ) = B
`0
∫ τ
0
{
2ζ
√
3p
λ(τ)3
{[∗
ξ(τ)
]2
+
[∗
η(τ)
]2}
+ µ
∣∣∣∣∣∗λ(τ)
[
2ζ
√
3p
λ(τ)3
∗
η(τ) + p
(∗∗
η (τ) + sinα
)]∣∣∣∣∣
}
dτ,
(B.8)
so that the following condition for the normalized modulus of their difference is verified at every
integration time τ ∣∣∣∣∆Π(τ)−Wd(τ)∆Π(τ)
∣∣∣∣ < W , (B.9)
being W a positive, but small, value. More specifically, the reported simulations are obtained by
using the following small positive values, which define the precision in the numerical integration
scheme,
` = 5× 10−5, ∗
`
= 10−2, W = 2× 10−4. (B.10)
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